A vibration-based energy harvester is built upon the idea of transforming mechanical vibration of an inertial frame into electrical power. When the excitation frequency matches the natural frequency of the harvester, the energy generated by mechanical vibration is maximized. However, the reliance on resonance inevitably poses a robustness issue, in that power production drops significantly when the excitation frequency is slightly off from the tuned natural frequency of the harvester. To reduce the sensitivity of power output on the resonance, this paper proposes a novel concept of vibration based energy harvester in which both the magnets and the coils are attached to the vibrating cantilevers whose natural frequencies are separated with an optimally chosen frequency band. Due to the relative motions between the coil and the magnet cantilevers, the proposed energy harvester generates higher power over a wider range of excitation frequency compared to a conventional inertial frame based energy harvester. The improvements in the power output and the robustness are validated by experiments in the laboratory and on a bridge.
INTRODUCTION
Energy harvesting systems refer to devices that capture and transform energy from the environment into electricity. Unlike conventional, large-scale renewable energy generating systems such as wind turbines, thermal generators and solar panels, energy harvesting devices are primarily targeted at powering small electronic devices. For example, many researchers are investigating how to supply power to wireless sensor modules using energy harvesters.
1, 2 If such sensors can be operated solely on power generated from an energy harvester, the need for regularly changing batteries can be eliminated, which in turn can reduce maintenance costs of the sensor units.
Vibration-based energy harvesters can be categorized into three main types, namely electromagnetic, piezoelectric, and electrostatic, depending on the medium of a transducer. 3 Transducers require input vibration with a high frequency and, in addition, the excitation frequency needs to match the natural frequency of the vibrational component in the energy harvester in order to maximize the power output. The necessary conditions for input vibrations have restricted vibration-based energy harvesters from being applied to a real-world environment and, in particular, to civil structures that exhibit vibration with low frequency under 5 Hz and where its natural frequency varies depending on environmental and structural conditions.
To overcome the low-frequency limitation, many researchers have studied how to convert low-frequency vibration in the environment (thus on the target inertial frame) into high-frequency vibration in a harvester. Mechanical devices such as gears and windmills have been proposed as secondary components to excite cantilevers vibrating with high frequencies. 4, 5 To reduce the sensitivity of the power on the excitation frequency, researchers have proposed a number of frequency tuning methods. Frequency tuning is done by adapting the natural frequency of a harvester, for example, by modifying the structural or electrical properties of the harvester to the excitation frequency. Most of frequency tuning methods rely on the use of controllers, such as electromagnets and piezoelectric actuators, in modifying the characteristics of the harvester. [6] [7] [8] Because active frequency tuning methods require continuous power input, they are hard to implement in practice. In addition, multi-modal approaches that use a set of harvesters with different natural frequencies to capture energy from a broad-banded frequency input source have been proposed. 9 However, the multi-modal approaches produce only a fraction of output energy since only a portion of vibrating components is reacted to excitations. This paper discusses a novel concept for a vibration-based electromagnetic energy harvester utilizing the relative motion between the magnets and the coils attached to separate cantilevers that are vibrating in an asynchronous manner. By optimally choosing the difference in natural frequencies between the coil and the magnet cantilevers, the electromagnetic energy harvester in designed to produce power output over a wide range of excitation frequencies. Numerical as well as experimental simulations with the prototypes are conducted to verify the concept. In addition, field test results are provided to investigate the feasibility of the asynchronous harvester in the real-world environment.
THEORETICAL BACKGROUND

Forced vibration
Most energy harvesters with electromagnetic transducers use an inertial frame configuration, in which the relative movement between a magnet and a coil is induced by the vibration of the inertial frame. The vibration system can be described as a second-order differential equation represented as follows:
where y(t) represents the inertial frame displacement, z(t) is the relative displacement between the magnet and the coil, and m, c T , and k are, respectively, the mass, the total damping coefficient including mechanical and electrical damping, and the stiffness of the vibration frame. Assuming that the the inertial frame vibrates with the single dominant frequency ω (i.e., y(t) = Y sin(ωt)), the relative displacement between the coil and the magnet can be determined as:
where ω n and ζ T are, respectively, the natural frequency and the total damping ratio of the vibrating component in the energy harvester. Furthermore, ϕ is the phase difference between the excitation and the response of the vibrating system and is given as:
The phase shift angle ϕ is a function of the damping ratio ζ T and the ratio between the excitation frequency ω and the natural frequency of the harvester ω n . The phase shift ϕ plays an important role in magnifying the power output and increasing the robustness of the harvester to be introduced in this paper.
Principle of electromagnetic energy harvesters
An electromagnetic transducer converts the relative movement between a magnet and a coil into electrical energy. The voltage induced in the electromagnetic transducer can be expressed by Faraday's law as;
where N represents the number of coil turns, and Φ is the magnetic flux. That is, the induced voltage is proportional to the product of the magnetic flux gradient, which is determined by the geometries of the coil and the magnet as well as their relative configurations, and the relative velocity dz dt between the magnet and the coil. The term −N dΦ dz in Eq. 4 can be replaced by an electrical damping coefficient c E approximated as:
where B and N l are, respectively, the average flux density and the effective length of the coil. R L , R c and L c are, respectively, the load resistance, the coil resistance and the coil inductance. 11 For a harmonic base excitation y(t) = Y sin(ωt), the average extracted power from the harvester is equivalent to the dissipated energy by the electrical damping and can be written as:
where the total damping ratio ζ T (ζ T = c T /2mw n ) includes both the structural (mechanical) and the electrical damping (ζ T = ζ S + ζ E ). The structural damping ζ S can usually be found by free vibration test, while the electrical damping coefficient ζ E can be calculated as ζ E = c E /2mw n . Note that the electrical damping coefficient term occurs in both the numerator and the denominator in Eq. 6, which means that the electrical damping contributes both in increasing the power through the inductive voltage and in decreasing the power by increasing the damping effect in the cantilever. Therefore, the power can be maximized by optimally choosing the load resistance R L . Furthermore, how close is the natural frequency ω n of the harvester to the base excitation frequency ω can significantly affect the power output; when ω ≈ ω n (resonance), the power is maximized.
METHODOLOGY
Instead of fixing either a coil or a magnet to an inertial frame, as illustrated in Fig. 1 , we attach the coils and the magnets to separate vibrating cantilevers with different natural frequencies. The relative motion between a coil and a magnet is exploited to generate power. If the natural frequencies of the coil and the magnet cantilevers are exactly same, no power will be produced since the two cantilevers will vibrate with the same phase angle. If the natural frequencies for the two cantilevers are intentionally separated, the two cantilevers vibrate with different amplitudes and phase angles, therefore inducing a relative motion (or speed) between the magnet and the coil. The energy harvester discussed in this paper utilizes this induced relative motion as a means to amplify the power as well as to decrease the sensitivity of the power output on the base excitation. ) and the natural frequency f n (= ωn 2π ) of a harvester, and the load resistance R L are the two of the most important design parameters. For the asynchronous harvester, the difference ∆f = f c − f m between the natural frequency f c of the coil cantilever and the natural frequency f m of the magnet cantilever is also an important design parameter affecting the level of power and the sensitivity of the power on the base excitation frequency. The following discussion examines the influences of the frequency difference ∆f and the load resistance R L on the power output characteristics. Considering a harmonic base excitation, we investigate first how the responses of the two vibrating cantilevers induce the relative motion between them. Fig. 2 shows the velocity response factor R v (f ) and the phase angle ϕ(f ) curves, based on which the tip speeds of the coil cantileverż c (t) and the tip speed of the magnet cantileveṙ z m (t) can be found. Based on the individually calculated responses (speed), the time series for the power P (t; f ) given the base harmonic excitation frequency f can be calculated as:
where (ż m (t) −ż c (t)) represents the relative speed between the coil and the magnet. Fig. 2 shows two cantilevers having different natural frequencies as illustrated by the different peak locations in the velocity response curves as well as the different phase angle curves. Let's denote ∆f = f c − f m as the difference in the frequencies between the coil and the magnet cantilevers. If the base excitation frequency f falls within the frequency band, the two cantilevers vibrate in an out of phase mode with magnified response amplitudes which can often lead to an increase in relative velocity between the coil and the magnet. When the excitation frequencies are slightly off from the frequency band, either the magnet or the coil cantilever vibrates with a magnified amplitude even though one of the the two cantilevers would act as an inertial frame and does not vibrate. Therefore, the power can be generated over an expanded range over the base excitation.
By comparing the response curves for the two cantilevers, we can hypothesis how the frequency difference ∆f = f c − f m and the load resistance R L will affect the power output of the asynchronous harvester.
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< Front view > < Side view > one of them to vibrate while the other remains stationary. On the other hand, if ∆f is small, the responses of the two cantilevers are synchronized, thus limiting the power production within a very narrow excitation frequency band.
2. The load resistance R L will change the shapes of R v (f ) and ϕ(f ) curves by affecting the total damping (ζ
A lower value of R L will increase the total damping, thus making the R v (f ) curve widen, which leads to an overlapping between the two R v (f ) curves. A higher value of R L , on the contrary, will sharpen the R v (f ) curves, making the curves narrower and separated with less overlapping of each other.
The following section provides experimental results that demonstrate the effectiveness of the asynchronous electro magnetic energy harvester.
EXPERIMENTAL RESULTS
Experiment setting
Fig . 3 shows a prototype that builds upon the concept of an asynchronous energy harvester. The prototype harvester has a total of 11 cantilevers: five cantilevers holding the coils and six cantilevers holding the magnets. The cantilevers have the same geometry and stiffness. Additional masses are included to the tips of the cantilevers holding the coils to alter their fundamental natural frequencies varying from 7 to 8.6 Hz. The six cantilevers holding the magnets are all connected through a magnet holder attached to the tip of cantilevers and their natural frequency is fixed at 6.8 Hz. The magnet holder is designed to (1) prevent the attractive force between the neighboring magnets from causing the lateral torsion in the magnet cantilevers, and (2) make the magnet cantilevers vibrate synchronously with the same phase so that the magnetic flux is concentrated in the inside of the coils instead of being radiated out in the air. The frequency band between the coil and the magnet cantilevers can easily be regulated by modifying the tip masses of the coil cantilevers. In this study, we investigate the power outputs from coil 1, coil 2 and coil 3 as shown in Fig. 3 . The parameters for these coils are tabulated in Table 1 . As shown in Fig. 4 , the experimental setting includes a modal shaker (K2007E01, a product from The Model Shop) to excite the energy harvester, a NI-USB 6008 DAQ driver to measure the voltage output time series from coils 1, 2 and 3, and load resistors R L ranging from 0.1 KΩ to 10.0 KΩ to vary the electrical damping coefficient c E . The influence of the different frequency bands can be investigated by comparing the power outputs from coils 1, 2 and 3. The influence of the electrical damping can be studied by comparing the power outputs from the harvester with the different resistances. A series of harmonic base excitations with frequencies f ranging 3.00 × 10 There are a number of noteworthy observations from the experiments. For all frequency bands, ∆f = 0.5, 0.8, and 1.3 Hz, as the load resistance R L increases, the general RMS power level increases until reaching a certain load resistance. Comparing the conventional harvester and the asynchronous harvester, the shapes of the power response curves are different. For the conventional harvester with the magnets fixed to the inertial frame (shaker), the shape of the power response curve shows a sharper peak as the load resistance increases and the total damping (i.e., c T = c S + c E (R L )) decreases. For the asynchronous harvester, the shape of the power response curve changes from a single dominant peak to two dominant peaks as load resistance increases. The change in the shape of the power response curve is similar to the shapes of the velocity response factor curve R v (f ) when considering both the magnet and the coil cantilevers. When the load resistance R L is low, the velocity response curves tend to be shallower in shape and overlap each other. When the load resistance R L is high, each of the two velocity response curves becomes sharp with dominant and distinct peaks. Another interesting observation from the experimental results shown in Figs. 5 to 7 is that for low load resistance (i.e., high total damping) the maximum RMS power for the asynchronous harvester is larger than that of the conventional synchronous harvester. It can be seen from the results of the asynchronous harvester that the shape of the power response curve exhibits a single dominant peak as the load resistance is lower than 3.3 KΩ. This result is possibly caused by the different damping effects on the magnet and the coil cantilevers by the load resistance R L . The damping on the coil cantilever increases in a faster rate than that of the magnet cantilever. The result becomes more observable as the frequency band becomes larger. The effects of the frequency band on power output can be observed by comparing the results shown in Figs. 5 to 7. When the load resistance R L is high (the total damping is small), the two dominant peaks are further apart as the frequency band increases. When the load resistance is low (the total damping is large), the wider is the frequency band, the higher the maximum power level. Furthermore, as the frequency band become larger, the maximum power (i.e, the peak in the power response curve) occurs at a lower load resistance R L . The magnified power level and the widened frequency range for producing power are the benefits that are provided by an asynchronous harvester over the conventional inertial frame based vibrational energy harvester. For lower damping case (R L = 10.0KΩ), Fig. 8 compares the power response curves obtained from the experiments and the numerical simulations. The simulated power response curves are calculated by using the dynamic response factor curve R v (f ) and the phase curve ϕ(f ), which are shown in Fig. 8 . In addition, the influence of the frequency band ∆f on the power response curves are studied. In general, the estimated power response curves from the analytical model (Eq. 7) accurately predicts the general trends in the power response curves measured from the experiments. For the conventional harvester case (magnet-fixed case), the shape of the power response curve resembles the velocity response curve R v (f ) of the coil cantilever and the measured and simulated curves are in good agreement. For the asynchronous case, the power response curve has two peaks that resemble the union of the two dynamic response curves for the magnet and the coil cantilevers. The two power response curves from the analytical model (shaded area) and the experiment (line with square symbol) are also generally in good agreement. In addition, as the frequency band ∆f increases, the distance between the two peaks in a power response curve also increases (see Figs 8a, 8b and 8c) . The result infers that, when the damping ratio is low, reducing the width of the frequency band between the magnet and the coil cantilevers seems to increase the robustness of the asynchronous harvester (Fig. 8a) .
Comparison between analytical model and the experiment results
When the electrical damping is high (i.e., the lower value of the R L is used), the analytical model fails to predict the power output trends observed during the laboratory experiments. In the analytical model, the total damping ratio for the magnet and the coil cantilevers are assumed to be affected by the load resistance in the same way (i.e., ζ T = ζ S + ζ E (R L )). However, when the damping is high, this assumption does not explain the experimental trend. To account for the observations (large power amplification and asymmetric power curve in the asynchronous harvester) found in the experiments, we modify the electrical damping ratio ζ E of the magnet cantilever in the analytical model by reducing the electrical damping by a third, i.e., c Fig. 9 compares the power response curves obtained from the experiments and the numerical simulations. The dynamic response curves for the magnet cantilever have sharper peak and the phase plots show a rapidly increasing curve due to the reduced total damping ratio. The modification results are in close agreement between the two power response curves obtained from the analytical model and the experiments. For the asynchronous case, the power response curves resemble the union of the two dynamic response curves for the magnet and the coil cantilevers. In addition, as the frequency band ∆f increases, the maximum power also increases (see Figs. 9a, 9b and 9c) possibly due to the large difference in the phase angles between the magnet and the coil cantilevers since a larger phase difference often introduces faster relative tip speed between the two cantilevers. For higher damping, increasing the frequency band is beneficial in magnifying the power output.
FIELD TEST
To validate the feasibility of the concept of the asynchronous harvester, the prototype harvester has been tested on a bridge that exhibits vibration with low frequency.
Electro-mechanical coupling equation
Unlike the laboratory shaker tests where pure sinusoidal input base vibrations are used to excite the prototype harvester, in a field test, the prototype harvester is excited by an arbitrary form of bridge vibration. Instead of using a forced vibration harmonic solution, therefore, a mechanical-electrical coupling state space equation is used to simulate the dynamic responses of cantilevers and the power outputs. In particular, we simulate the simultaneous vibrational and electrical responses of multiple cantilevers by accounting for their interactions.
Accounting for the mechanical inertial force as well as the electro motive force, the motion of the jth coil cantilever can be described by the following second order differential equation:
where z c,j is the relative displacement of the jth coil cantilever with respect to the inertial frame, and m c,j , c c,j and k c,j are, respectively, the tip mass, the damping coefficient and the stiffness of the jth coil cantilever. In addition, F ext c,j = −m c,jẍg (ẍ g is the base excitation acceleration) is the inertial force exerted on the jth coil and F em c,j is the electro-motive force caused by the interactions between the jth coil and the magnet and is expressed as
where φ is the electro-mechanical coupling coefficient which is related to magnetic field. Since the magnetic field experienced by the coils depends on the relative location of the coil and the magnet, the electro-mechanical coupling coefficient is also a function of the relative location of the coil and the magnet. Expressing the electromechanical coupling coefficient φ as a function of the relative locations between the coils and the magnets requires complicated magnetic flux analysis. In this study, φ is simply assumed to be constant (i.e., φ = c E in Eq. 5) for a simplicity.
Similar to the motion of the coil cantilever, the motion of the magnet cantilever is described by the following equation:
where z m is the relative vertical displacement of the magnet cantilever, and m m , c m , and k m are, respectively, the tip mass, the damping coefficient and the stiffness of the magnet cantilever. The external force exerted on the magnet F The electro-mechanical coupling coefficient φ relates the electrical energy and the mechanical energy. For the jth coil, the relationship between the rate of currentİ c,j (t) and the relative vertical speed between the jth coil and the magnet (ż c,j −ż m ) can be written as a first order differential equation in terms of electro-mechanical coupling coefficient φ, the resistance R c,j including both the coil and load resistance, and the inductance L c,j of the jth coil: 
Suppose there are three coils in the example, the state dynamic matrix A can be expressed as 
Assuming that the electro-mechanical coefficient φ is a constant, Eq. 12 is easy to solve. The vibrational responses of all the cantilevers and the inductive currents in the coils can be extracted from the state trajectory z(t).
Bridge test
To investigate the feasibility of the concept, a field test has been conducted on a bridge (Nong-Ro Bridge), located in Kimhae-si, Korea. For the field test, only an approximate fundamental natural frequency of the bridge is known. Therefore, we adjust the natural frequencies of the coils and magnet cantilevers by adding additional masses to make the natural frequencies of the cantilevers close to the expected fundamental frequency of the bridge. Figs. 10a, 10b and 10c show the bridge, the installation of the harvester on the bridge with the data acquisition system, and a heavy vehicle passing through the bridge. Fig. 11c clearly shows that the asynchronous harvester produces the two peak in the power spectrum density curve, whose shape is similar to the power response curves from the laboratory test. This implies that the asynchronous harvester is excited over the broad frequency range in bridge vibration and produces the power. To further investigate how the dynamic responses of the bridge and the corresponding voltage output vary at the instance when a heavy vehicle passes, the portion of the acceleration and voltage measurements are studied in a narrow time window (10 ∼ 40 sec) as shown in Figs. 12 and 13. Figs. 12a and 13a show, respectively, the acceleration and the voltage time series for the 40-second duration when a 15-ton dump truck passes through the bridge. In addition, Figs. 12b and 13b show the wave form of the acceleration and the voltage output signal, respectively, between the 10 ∼ 15 sec period. Finally, Figs. 12c and 13c show, respectively, the power spectrum density functions for the acceleration and the voltage output over the 40 sec long period.
The power spectrum density function, as shown in Fig. 12c , indicates that the bridge vibrates at a frequency around 3 Hz. As a result, the coil cantilever whose fundamental frequency is close to 3 Hz vibrates with a large amplitude, which leads to a high level of voltage output. In this case, the voltage output signal resembles a pure periodic wave form with the frequency equal to the natural frequency of the coil cantilever (3.2 Hz). It should be noted that the voltage outputs were measured using a NI-6009 DAQ driver whose internal resistance is 144 KΩ, which is much higher than the optimum load resistance for the electromagnetic harvester. If the optimal load resistance is used, the power may increase considerably. We also compare the measured and simulated voltage outputs and the corresponding power spectra. The simulations are conducted based on Eq. 12 and the results are compared in Fig. 13 . The general trend in the voltage output time series shows good agreement. However, the voltage amplitudes are slightly different over the 17 ∼ 20 sec period. This deviation is possibly due to the limitation of the prototype; when the cantilever reaches a displacement exceeding 1 cm, it collides against other cantilevers vibrating with different phases.
SUMMARY
Conventional vibration-based electromagnetic energy harvesters rely heavily on resonance of vibration, which leads to a significant performance deterioration when the excitation frequency differ even slightly from the natural frequency of the vibrating system in the harvester. To overcome this robustness issue, we discuss a novel concept of a harvester utilizing asynchronously vibrating multiple cantilevers. In the asynchronous harvester, both a coil and a magnet are attached to the cantilevers that are vibrating separately with different natural frequencies and phase differences. The frequency difference between the natural frequencies of the coil and the magnet cantilevers, and the level of electrical damping affect the power response curve. The harvester is shown to have two dominant peaks in its power response curve.
When the frequency difference between the two cantilevers is optimally chosen, the two power response curves overlap that leads to a widen frequency band in the power-response curve. The wider frequency band reduces the sensitivity of the power production on the excitation frequency. Furthermore, asynchronously vibrating cantilevers produce more power than the conventional concept, especially when the electromagnetic damping coefficient is high. The increase in robustness as well as the increase in power producing capability are among the advantages that the asynchronous harvester provides.
To validate the proposed concept, laboratory tests using modal shaker have been conducted, and the results show that the power as well as the robustness improve when comparing to the conventional type energy harvester. Finally, the prototype energy harvester is tested on a bridge that exhibits traffic induced vibration with a low frequency around 3 Hz. The field test reveals that the harvester vibrates and induces voltage when a heavy truck passes through the bridge during which the prototype produces a peak power of 30 µW . The amount of power can be significantly improved if the optimal load resistance is used and the frequency is tuned close to the structural fundamental frequency.
